Convergence of a general iterative scheme for a finite family of asymptotically quasi-nonexpansive mappings in convex metric spaces and applications  by Khan, Abdul Rahim & Ahmed, M.A.
Computers and Mathematics with Applications 59 (2010) 2990–2995
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Convergence of a general iterative scheme for a finite family of
asymptotically quasi-nonexpansive mappings in convex metric spaces
and applications
Abdul Rahim Khan a,∗, M.A. Ahmed b
a Department of Mathematics and Statistics, King Fahd University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia
b Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt
a r t i c l e i n f o
Article history:
Received 16 April 2009
Accepted 7 February 2010
Keywords:
Asymptotically quasi-nonexpansive
Common fixed point
General iterative scheme
Convex metric spaces
a b s t r a c t
In this paper, we introduce the iterative scheme due to Khan, Domlo and Fukhar-ud-
din (2008) [8] in convex metric spaces and establish strong convergence of this scheme
to a unique common fixed point of a finite family of asymptotically quasi-nonexpansive
mappings. As a consequence of our result, we obtain some related convergence theorems.
Our results generalize some recent results obtained in [8].
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In 1967, Diaz and Metcalf [1] introduced the concept of quasi-nonexpansive mappings. In 1972, Goebel and Kirk [2]
coined the term asymptotically nonexpansive mappings. The convergence of Ishikawa iterates of asymptotically quasi-
nonexpansivemappings on convexmetric spaces is obtained in [3]. Convergence theorems for some iterates of nonexpansive
mappings, quasi-nonexpansive mappings and their generalized types have been proved in metric and Banach spaces
(see, e.g., [4–14]). The convergence of certain iterative schemes of a finite family of asymptotically nonexpansive and
asymptotically quasi-nonexpansive mappings in Banach spaces is established in [15,8].
We recall some definitions and lemmas in a metric space (X, d).
Definition 1.1 ([16]). A convex structure in a metric space (X, d) is a mappingW : X × X × [0, 1] → X satisfying, for all
x, y, u ∈ X and all λ ∈ [0, 1],
d(u,W (x, y; λ)) ≤ λd(u, x)+ (1− λ)d(u, y).
A metric space together with a convex structure is called a convex metric space.
A nonempty subset C of X is said to be convex ifW (x, y; λ) ∈ C for all (x, y; λ) ∈ C × C × [0, 1].
Clearly, a normed space and each of its convex subsets are convex metric spaces.
Definition 1.2. A mapping T : X → X is called:
(1) Nonexpansive if d(Tx, Ty) ≤ d(x, y) ∀x, y ∈ X .
(2) [2] Asymptotically nonexpansive if there exists kn ∈ [0,∞) for all n ∈ N (N := the set of all positive integers) with
limn→∞ kn = 0 such that d(T nx, T ny) ≤ (1+ kn)d(x, y) ∀x, y ∈ X .
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(3) (cf. [9]) Quasi-nonexpansive if d(Tx, p) ≤ d(x, p) ∀x ∈ X, ∀p ∈ F(T )where F(T ) is the set of all fixed points of T .
(4) (cf. [8]) Asymptotically quasi-nonexpansive if there exists kn ∈ [0,∞) for all n ∈ N with limn→∞ kn = 0 such that
d(T nx, p) ≤ (1+ kn)d(x, p)∀x ∈ X, ∀p ∈ F(T ).
Remark 1.1. From Definition 1.2, the following implications are obvious:
NonexpansivenessH⇒ Quasi-nonexpansiveness.
NonexpansivenessH⇒ Asymptotically nonexpansiveness.
Quasi-nonexpansivenessH⇒ Asymptotically quasi-nonexpansiveness.
Asymptotically nonexpansivenessH⇒ Asymptotically quasi-nonexpansiveness.
The reverse of these implications may not be true (see, [2,9,3]).
Lemma 1.1 ([11]). Let (an), (bn) and (cn) be three sequences satisfying
an ≥ 0, bn ≥ 0, cn ≥ 0, an+1 ≤ (1+ cn)an + bn ∀n ∈ N,
∞∑
n=1
bn <∞,
∞∑
n=1
cn <∞.
Then
(i) limn→∞ an exists,
(ii) if lim infn→∞ an = 0, then limn→∞ an = 0.
Let C be a convex subset of a Banach space X.
In 1991, Schu [17] considered the following modified Mann iterative process:
x0 ∈ C, xn+1 = (1− αn)xn + αnT nxn ∀n ∈ N, (1.1)
where (αn) is a sequence in (0, 1) which is bounded away from 0 and 1, i.e., a ≤ αn ≤ b for all n ∈ N ∪ {0} and some
0 < a ≤ b < 1.
In 2002, Xu and Noor [14] introduced a three-step iterative scheme as follows:
x0 ∈ C, xn+1 = (1− αn)xn + αnT nyn, yn = (1− βn)xn + βnT nzn, zn = (1− γn)xn + γnT nxn, (1.2)
for all n ∈ N ∪ {0}, where (αn), (βn) and (γn) are sequences in [0, 1].
In 2008, Khan, Domlo and Fukhar-ud-din [8] generalized the iterative processes (1.1) and (1.2) to the following iterative
process for a finite family of mappings {Ti : i = 1, 2, . . . , k}:
x0 ∈ C, xn+1 = (1− αkn)xn + αknT nk y(k−1)n,
y(k−1)n = (1− α(k−1)n)xn + α(k−1)nT nk−1y(k−2)n,
y(k−2)n = (1− α(k−2)n)xn + α(k−2)nT nk−2y(k−3)n,
. . .
y2n = (1− α2n)xn + α2nT n2 y1n,
y1n = (1− α1n)xn + α1nT n1 y0n,
(1.3)
where y0n = xn for all n ∈ N ∪ {0}.
We introduce the iterative process (1.3) in convexmetric spaces and establish its strong convergence to a unique common
fixed point of a finite family of asymptotically quasi-nonexpansive mappings. Our result generalizes Theorem 2.2 in [8]. As
applications, we prove some other convergence theorems; one of these generalizes Theorem 2.7 in [8].
2. Main results
First we introduce the iterative process (1.3) in convex metric spaces as follows:
Let C be a convex subset of a convex metric space (X, d) and x0 ∈ C . Suppose that αin ∈ [0, 1] for all n = 1, 2, 3, . . . , and
all i = 1, 2, . . . , k. Let {Ti : i = 1, 2, . . . , k} be a finite family of self-mappings of C . We translate (1.3) as follows:
xn+1 = W (T nk y(k−1)n, xn, αkn),
y(k−1)n = W (T nk−1y(k−2)n, xn, α(k−1)n),
y(k−2)n = W (T nk−2y(k−3)n, xn, α(k−2)n),
. . .
y2n = W (T n2 y1n, xn, α2n),
y1n = W (T n1 y0n, xn, α1n),
(2.1)
where y0n = xn for all n ∈ N ∪ {0}.
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Remark 2.1. (1) IfW (x, y, λ) = (1− λ)x+ λy for all (x, y, λ) ∈ X × X × [0, 1], then the iterative process (2.1) reduces to
(1.3).
(2) It is easy to verify that Lemma 1.1(ii) holds under the hypothesis lim supn→∞ an = 0 as well. Therefore, the condition
(ii) in Lemma 1.1 can be reformulated as follows:
(ii)′ If lim infn→∞ an = 0 or lim supn→∞ an = 0, then limn→∞ an = 0.
Proposition 2.1. Let C be a nonempty convex subset of a convex metric space X. Let {Ti : i = 1, 2, . . . , k} be a finite family of
asymptotically quasi-nonexpansive self-mappings of C with F := ∩ki=1 F(Ti) 6= φ. Then, there exist a point p ∈ F and a sequence
(un) ⊂ [0,∞) with limn→∞ un = 0 such that
d(T ni x, p) ≤ (1+ un)d(x, p),
for all x ∈ C and for each i = 1, 2, . . . , k.
Proof. Since {Ti : i = 1, 2, . . . , k} is a finite family of asymptotically quasi-nonexpansive mappings, there exist pi ∈ F(Ti)
and sequences (uin) ⊂ [0,∞)with limn→∞ uin = 0 for each i = 1, 2, . . . , k such that
d(T ni x, pi) ≤ (1+ uin)d(x, pi), (2.2)
for each x ∈ C . Let un = max{u1n, u2n, . . . , ukn}. So, we have that (un) ⊂ [0,∞) with limn→∞ un = 0. Also, F 6= φ implies
that there exists p ∈ F . This gives that p ∈ F(Ti) for each i = 1, 2, . . . , k. So, the inequality (2.2) holds for each p ∈ F . Hence,
there exist p ∈ F and a sequence (un) ⊂ [0,∞) such that
d(T ni x, p) ≤ (1+ uin)d(x, p) ≤ (1+ un)d(x, p),
for all x ∈ C and for each i = 1, 2, . . . , k. 
Now, we prove a pair of lemmas to establish our strong convergence results.
Lemma 2.1. Let C be a nonempty convex subset of a convex metric spaces (X, d), and {Ti : i = 1, 2, . . . , k} be a family of
asymptotically quasi-nonexpansive mappings from C into X with F 6= φ. Suppose that (xn) is as in (2.1). Then
(a)
d(xn+1, p) ≤ (1+ un)kd(xn, p),
for all p ∈ F and for each n ∈ N,
(b) there exists a constant M > 0 such that, for all n,m ∈ N and for every p ∈ F ,
d(xn+m, p) ≤ Md(xn, p).
Proof. (a) For all p ∈ F , we have from Proposition 2.1 that
d(y1n, p) = d(W (T n1 xn, xn, α1n), p) ≤ α1nd(T n1 xn, p)+ (1− α)d(xn, p)
≤ α1n(1+ un)d(xn, p)+ (1− α)d(xn, p)
= (1+ α1nun)d(xn, p)
≤ (1+ un)d(xn, p).
Assume that d(y1n, p) ≤ (1+ un)jd(xn, p) holds for some 1 ≤ j ≤ k− 2. Then
d(y(j+1)n, p) = d(W (T nj+1yjn, xn, α(j+1)n), p)
≤ α(j+1)nd(T nj yjn, p)+ (1− α(j+1)n)d(xn, p)
≤ α(j+1)n(1+ un)d(yjn, p)+ (1− α(j+1)n)d(xn, p)
≤ α(j+1)n(1+ un)j+1d(xn, p)+ (1− α(j+1)n)d(xn, p)
=
[
1− α(j+1)n + α(j+1)n
(
1+
j+1∑
r=1
(j+ 1)j · · · (j+ 2− r)
r! u
r
n
)]
d(xn, p)
=
[
1+ α(j+1)n
j+1∑
r=1
(j+ 1)j · · · (j+ 2− r)
r! u
r
n
]
d(xn, p)
≤ (1+ un)j+1d(xn, p).
By mathematical induction, we obtain that
d(yin, p) ≤ (1+ un)id(xn, p), (2.3)
for all i = 1, 2, 3, . . . , k− 1.
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Now, we have from (2.3) that
d(xn+1, p) = d(W (T k−1k y(k−1)n, xn, αkn), p)
≤ αknd(T nk y(k−1)n, p)+ (1− αkn)d(xn, p)
≤ αkn(1+ un)d(y(k−1)n, p)+ (1− αkn)d(xn, p)
≤ αkn(1+ un)kd(xn, p)+ (1− αkn)d(xn, p)
=
[
1− αkn + αkn
(
1+
k∑
r=1
k(k− 1) · · · (k− r + 1)
r! u
r
n
)]
d(xn, p)
=
[
1+ αkn
k∑
r=1
k(k− 1) · · · (k− r + 1)
r! u
r
n
]
d(xn, p)
≤ (1+ un)kd(xn, p).
(b) The proof is similar to the proof of Lemma 3(II) in [10] and is omitted. 
Lemma 2.2. Let {Ti : i = 1, 2, . . . , k} be a family of asymptotically quasi-nonexpansive mappings from a nonempty convex
subset C of a convex metric space (X, d) into C with F 6= φ (Ti∀i ∈ {1, 2, . . . , k} need not be continuous). Suppose that (xn) is
as in (2.1). If limn→∞ d(xn, F) = 0 where d(y, E) = inf{d(y, e) : e ∈ E}, then (xn) is a Cauchy sequence.
Proof. By Lemma 2.1(b), there exists a constantM > 0 such that
d(xn+m, p) ≤ Md(xn, p), (2.4)
for all n,m ∈ N and for each p ∈ F . Since limn→∞ d(xn, F) = 0, so for each  > 0 there exists n1 ∈ N such that
d(xn, F) <

M + 1 ∀n ≥ n1.
Thus, there exists q ∈ F such that
d(xn, q) <

M + 1 ∀n ≥ n1. (2.5)
From (2.4) and (2.5), we obtain that
d(xn+m, xn) ≤ d(xn+m, q)+ d(xn, q)
≤ Md(xn, q)+ d(xn, q)
= (M + 1)d(xn, q)
< (M + 1)
(

M + 1
)
= ,
for all n,m ≥ n1. Therefore, (xn) is a Cauchy sequence in C . 
Now, we state and prove the main result of this section.
Theorem 2.1. Let {Ti : i = 1, 2, . . . , k} be a family of mappings from a nonempty convex subset C of a convex metric space
(X, d) into C with F 6= φ (Ti, i = 1, 2, . . . , k, need not to be continuous). Suppose that (xn) is as in (2.1). Then
(A) lim infn→∞ d(xn, F) = lim supn→∞ d(xn, F) = 0 if (xn) converges to a unique point in F ,
(B) (xn) converges to a unique point in F if C is complete, {Ti : i = 1, 2, . . . , k} is a family of asymptotically quasi-nonexpansive
mappings with x0 ∈ C, and
lim inf
n→∞ d(xn, F) = 0 or lim supn→∞ d(xn, F) = 0.
Proof. (A) Let p ∈ F . Since (xn) converges to p, limn→∞ d(xn, p) = 0. So, for a given  > 0, there exists n0 ∈ N such that
d(xn, p) <  ∀n ≥ n0.
Taking the infimum over p ∈ F , we find that
d(xn, F) <  ∀n ≥ n0.
This means that limn→∞ d(xn, F) = 0. We obtain that lim infn→∞ d(xn, F) = lim supn→∞ d(xn, F) = 0.
(B) Since {Ti : i = 1, 2, . . . , k} is a finite family of asymptotically quasi-nonexpansive self-mappings of C , Proposition 2.1
yields that there exists a sequence (un) in [0,∞)with limn→∞ un = 0. From the completeness of C and Lemma 2.2, we get
that limn→∞ xn exists and equals q ∈ C , say. Therefore, for all 1 > 0, there exists an n1 ∈ N such that, for all n ≥ n1,
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d(xn, q) <
1
2(2+ u1) . (2.6)
Suppose that lim infn→∞ d(xn, F) = 0 or lim supn→∞ d(xn, F) = 0. Then, we have from Lemma 1.1(ii) and Remark 2.1(2)
that limn→∞ d(xn, F) = 0. So, there exists n2 ∈ N with n2 ≥ n1 such that, for all n ≥ n2,
d(xn, F) <
1
2(4+ 3u1) .
Thus, there exists r ∈ F such that
d(xn2 , r) <
1
2(4+ 3u1) . (2.7)
For any Ti, i = 1, 2, . . . , k, we obtain from (2.6) and (2.7) that
d(Tiq, q) ≤ d(Tiq, r)+ d(r, Tixn2)+ d(Tixn2 , r)+ d(r, xn2)+ d(xn2 , q)
= d(Tiq, r)+ 2d(Tixn2 , r)+ d(r, xn2)+ d(xn2 , q)
≤ (1+ u1)d(q, r)+ 2(1+ u1)d(xn2 , r)+ d(r, xn2)+ d(xn2 , q)
≤ (2+ u1)d(xn2 , q)+ (4+ 3u1)d(xn2 , r)
< (2+ u1) 1
(2+ u1) + (4+ 3u1)
1
2(4+ 3u1) = 1.
Since 1 is arbitrary, so d(Tiq, q) = 0 for all i = 1, 2, . . . , k; i.e., Tiq = q. Therefore, q ∈ F . 
Remark 2.2. Since a Banach space and each of its convex subsets are convex metric spaces, so Theorem 2.1 reduces to
Theorem2.2 in [8]. Also, Theorem3.2 of Shahzad andUdomene [13] and Theorem1ofQihou [10] togetherwith its Corollaries
1 and 2 are special cases of Theorem 2.1.
3. Applications
In this section, we apply Theorem 2.1 to obtain some new convergence theorems for the scheme (2.1).
Theorem 3.1. Let {Ti : i = 1, 2, . . . , k} be a family of asymptotically quasi-nonexpansive mappings from a nonempty complete
convex subset C of a convex metric space (X, d) into C with F 6= φ (Ti, i = 1, 2, . . . , k, need not to be continuous). Suppose that
(xn) is as in (2.1). Assume that
lim
n→∞ d(xn, xn+1) = 0; (3.1)
if the sequence (zn) in C satisfies lim
n→∞ d(zn, zn+1) = 0, then (3.2)
lim inf
n→∞ d(zn, F) = 0 or lim supn→∞ d(zn, F) = 0.
Then, (xn) converges to a unique point in F .
Proof. From (3.1) and (3.2), we have that
lim inf
n→∞ d(xn, F) = 0 or lim supn→∞ d(xn, F) = 0.
Therefore, we obtain from Theorem 2.1(B) that the sequence (xn) converges to a unique point in F . 
Theorem 3.2. Let C, {Ti : i = 1, 2, . . . , k}, F and xn be as in Theorem 3.1. Suppose that there exists a map Tj which satisfies the
following conditions:
(i) limn→∞ d(xn, Tjxn) = 0;
(ii) there exists a function θ : [0,∞)→ [0,∞)which is right continuous at 0, θ(0) = 0 and θ(d(xn, Tjxn)) ≥ d(xn, F) for all n.
Then the sequence (xn), defined by (2.1), converges to a unique point in F .
Proof. (i) and (ii) yield that
lim
n→∞ d(xn, F) ≤ limn→∞ θ(d(xn, Tjxn))
= θ( lim
n→∞ d(xn, Tjxn))
= θ(0)
= 0;
i.e., limn→∞ d(xn, F) = 0. Thus, lim infn→∞ d(xn, F) = lim supn→∞ d(xn, F) = 0. By Theorem 2.1(B), (xn) converges to a
unique point in F . 
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Remark 3.1. In the Banach space setting, Theorem 3.1 (resp., Theorem 3.2) reduces to the improvement of Theorem 3.2
in [9] (resp., Theorem 2.7 in [8]).
Definition 3.1. Let (X, d) be a metric space and p be a fixed element of X . A p-starshaped structure in X is a mapping
W : X × X × [0, 1] → X satisfying, for all x, y ∈ X and all λ ∈ [0, 1],
d(p,W (x, y; λ)) ≤ λd(p, x)+ (1− λ)d(p, y).
A metric space together with a p-starshaped structure is called a p-starshaped metric space.
A nonempty subset C of X is said to be p-starshaped ifW (x, y; λ) ∈ C for all (x, y; λ) ∈ C × C × [0, 1].
Clearly, a convex metric space is a p-starshaped metric space but the converse is not true.
Remark 3.2. Wecan prove all the results obtained so far in the context of a p-starshapedmetric spacewith suitable changes.
We leave the details to the reader.
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